Continuing our previous work [1], large-NC techniques and partial wave dispersion relations are used to discuss ππ scattering amplitudes. We get a set of predictions for O(p 6 ) low-energy chiral perturbation theory couplings. They are provided in terms of the masses and decay widths of scalar and vector mesons.
Introduction
Chiral perturbation theory (χPT) is a powerful tool in the study of low energy hadron physics. An important issue in χPT is the determination of the values of low energy constants (LECs), which are crucial to make predictions. In addition to an exhaustive phenomenological discussions about the LECs, Refs. [2] and [3] provided a deeper theoretical understanding. In these papers, the authors constructed a phenomenological lagrangian including the heavy resonances, which were then integrated out to predict the LECs at tree level in terms of the resonance couplings.
In a previous paper [1] , we obtained a generalization of the KSRF relation [4] , a new relation between resonance couplings and a prediction for the chiral constants L 2 and L 3 [5] :
where Γ R and M R stand, respectively, for the value of the R resonance width and mass in the chiral limit. The parameter α R is given by their O(m No particular realization of the resonance lagrangian was considered in Ref. [1] . While in the lagrangian approach one has to pay attention to different realizations of the vector fields [3] , all our analyses only rely on general properties like crossing symmetry and analyticity. Chiral symmetry was incorporated by matching chiral perturbation theory (χPT) at low energies [6, 7, 8] . In Ref. [1] , we found that the minimal resonance chiral theory lagrangian [2] was unable to fulfill the high-energy constraints for the partial wave ππ-scattering amplitudes once the matching was taken up to order p 4 . Another interesting finding is that in large N C limit the [1, 1] Padé approximation in SU(3) χPT for ππ scatterings means to neglect the left hand cuts contribution completely [9] , but the understanding to the latter is very important to accept the σ meson even in the non-linear realization of chiral symmetry [10] . However, in Ref. [1] the ππ scattering was only matched up to O(p 4 ) This paper is devoted to extending the discussion up to O(p 6 ).
Dispersive analysis
The ππ scattering amplitude T (s, t, u) admits a decomposition into partial waves of definite angular momentum
where every T J (s) accepts a once-subtracted dispersion relation of the form,
In general, we will work with amplitudes and partialwaves with definite isospin, T (s, t, u) I and T I J (s), respectively. We however quite often in the following omit the indices I, J for simplicity when no confusion is caused.
At large-N C , the resonances become narrow-width states, allowing the recovering of the right-hand cut contribution in Eq. (3). In the previous paper [1] , we have demonstrated that the PKU parametrization of S matrix [12] will give the same results in large N C limit as Eq. (3). The s-channel exchange of a resonance R with proper quantum numbers IJ provides for s > 0 the ab-sorptive contribution,
where
and the subscript R denote the different resonances.
Crossing symmetry relates the right to the left-hand cut through the expression [11] ,
with P n (x) the Legendre polynomials. The crossing matrix is also given by [11] C (st)
Hence, the imaginary part of T I J (s) for s < 0 produced by the crossed-channel resonance (R) exchange is given by
Putting the different imaginary parts together, it is then possible to calculate the right and left-hand cut integrals:
where these expressions only depend on the mass and width of the resonances. The precise results for T sR and t tR , with R = S, V , are given in Ref. [1] . We consider now the low energy limit where the ππ scattering is described by χPT which determines the lefthand side of Eq. (3). For convenience, the dispersion relation is rewritten in the way,
where the l.h.s. only contains χP T couplings and the r.h.s. only contains resonances parameters. Comparing the different terms of the chiral expansion on both sides, one gets the low-energy constants (LECs) in terms of parameters of resonances and some other useful relations.
The ππ scattering amplitude is determined by the function A(s, t, u),
which is given up to O(p 6 ) in Ref. [13] . Since we are interested in the m π dependence of the amplitude, we express the amplitude explicitly in terms of LECs, momenta and masses:
with 
In both expressions, only the leading terms in the 1/N C expansion are kept. Following the notation in the former work [1] , the large-N C O(p 4 ) SU (2) LECs have been expressed in terms of SU (3) constants [8] .
The isospin amplitudes are given by the combinations
Finally, in order to get amplitudes with definite angular momentum, one performs the partial wave projection, 
3. IJ = 20 channel 1. IJ = 00 channel
2. IJ = 11 channel
3. IJ = 20 channel
where only the lightest multiplet of vector and scalar resonances is taken into account, respectively denoted by the subscripts V and S. The masses M R and decay widths Γ R in Eqs. (19)-(24) denote the physical ones at large-N C . They carry an implicit m 2 π dependence that we parameterize in the form
where M R and Γ R are the chiral limit of M R and Γ R , respectively. Notice that Γ R and M R were denoted as M
R and Γ
R in Ref. [1] . After expanding the resonance contributions on the r.h.s. of Eq. (10) in powers of s and m 2 π , it is possible to perform a matching with χPT. Ref. [1] was devoted to the analysis of the constraints derived from χPT at O(p 2 ) and O(p 4 ). The present work studies the relations that stem from the matching at O(p 6 )
1. IJ = 00 channel
Eqs. (27), (30) and (33) The LECs always appear in this particular combination, avoiding an independent determination of r 2 and r f . This yields the predictions:
An example of O(p 6 ) coupling determination
The authors of Ref. [13] provide an estimate of the O(p 6 ) LECs r i in terms of resonances couplings, where they consider a phenomenological lagrangian including one multiplet of vector and scalar resonances. The vector interaction is given by
and for the scalar,
where ... is short for trace in flavour space and the tensors u µ , χ ± introduce the chiral Goldstones. For further details on the notations, see Ref. [13] and references therein. At large-N C , the SU (3) singlet and octet states become degenerate and one has
. Using this lagrangian, the authors computed the contributions to the ππ scattering from resonance exchanges and provided a set of values for the LECs r i [13] .
As an example of our method, we will rederive their result. In order to do that, in a first step, we will neglect the wave-function renormalizations Z R and Z π , and only the resonance exchange contribution will be considered, as it was done in Ref. [13] . At large-N C , the meson wave functions get renormalized if there are tree-level tadpole diagrams that connect the scalar meson field to the vacuum [14, 15] . After recovering the results in Ref. [13] , we will compute the LECs including also the effect of Z π and Z R and their impact on the numerical estimates will be analyzed.
We need first to calculate the R → ππ decay widths corresponding to this lagrangian. Ignoring the wavefunction renormalizations, one gets
where the subscript S denote the SU (2) singlet σ = (ūu +dd). The large-N C resonances masses are m π -independent within this model, i.e., M R = M R .
With the above expressions of Γ V and Γ S , we can get the parameters α R , β R and γ R defined in Eq. (25) and (26)
